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Abstract. Progress in the theoretical description of B-meson decays, in particular decays to light 
■ hadrons, is reviewed. The factorization properties of such decays can be analyzed using the soft- 

collinear effective theory. Applications of the effective theory to both inclusive and exclusive decays 
q , are discussed. 

INTRODUCTION 

> 

in . 

\q . The first flavor physics conference I attended was devoted to studying the possibility 

of a future, second generation, high-luminosity 5-factory. The title of the conference 
held in the year 2000 was "Beyond 10 34 e + e~ workshop". Four years later the current 
5-factories at SLAC and KEK have reached luminosities of 10 34 cmT 2 s~ x (the record 
luminosity, 1.4 x 10 34 cmT 2 s~ l , is held by the KEKB accelerator). The impressive per- 
formance of the experiments has made it possible to apply methods that were thought 
to be reserved for future machines, e.g. it is now possible to obtain constraints on the 



CKM angle a from decays B — > kk and B — > pp using only the approximate isospin 
symmetry of the strong interaction as an input. Methods which use data to eliminate all 
strong interaction physics, like the isospin analysis of the B — > kk decays [1], have the 
advantage of being conceptually simple and therefore well controlled. The disadvantage 
of such techniques is that they are experimentally extremely demanding and for this rea- 
son the bounds obtained are not (yet) very stringent. More importantly, such methods 
can only be used to establish new physics but not to explore it, since they rely on the 
specific structure of the weak interaction in the Standard Model (SM). 

In this talk I focus on methods which are more ambitious in that they evaluate part of 
the strong interaction effects in 5-decays. All of these tools rely on an expansion of the 
decay amplitudes in inverse powers of the £>-quark mass. The predictions obtained are 
then accurate up to terms suppressed by powers of the heavy-quark mass. The classic 
example is heavy-quark effective theory (HQET), which has allowed a determination 
of \V c b\ at the level of a few per cent from exclusive semi-leptonic decays. However, 
HQET is not applicable in 5-decays in which some of the outgoing, light particles have 
momenta of the order of the £>-quark mass, since momenta of this magnitude have been 
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integrated out in the construction of the effective theory. Because of this restriction 
HQET can in general not be used to analyze 5-decays involving light hadrons, such 
as B — > tzk, B — > K*y or B — > 7r£v. However, since they probe small CKM elements and 
flavor changing neutral currents such decays are of great interest to test the Standard 
Model. 

While HQET is not applicable, it is still true that these processes simplify in the heavy- 
quark limit: the larger the heavy-quark mass, the larger the energies of the outgoing light 
mesons become and the methods that are used to establish QCD factorization theorems 
at large momentum transfer become applicable. In this case the hard scale is set by the 
mass of the heavy &-quark, and factorization theorems for inclusive [2, 3, 4] as well 
as exclusive [5] 5-decays to light hadrons arise in the heavy-quark limit. In the past 
few years, an effective field theory framework for the analysis of such decays has been 
developed [6, 7, 8, 9, 10, 1 1]: the soft-collinear effective theory (SCET) gives the heavy- 
quark expansion of heavy-to-light decays and permits the study of their factorization and 
renormalization properties. 

SCET turns out to be more involved than HQET. One complication is that the low 
energy theory involves multiple scales. In order to get a simple counting of powers 
of the expansion parameter in such a situation, a single QCD quark (or gluon) field 
is represented by several effective theory fields whose momentum components scale 
differently with the heavy-quark mass m&. The different effective theory fields are also 
called modes and correspond to momentum regions, where the QCD diagrams for a 
given process develop singularities in the heavy-quark limit. In addition to the soft fields 
present in HQET, SCET contains collinear fields which have large energy and carry large 
momentum in the direction of the outgoing light hadrons. Another complication is that 
the non-perturbative input needed in applications of SCET is functional. This is quite 
generally the case for factorization in hard processes; the most familiar example of such 
functional input are the parton distribution functions that are needed for the calculation 
of hadron-hadron scattering processes. The non-perturbative functions relevant in the 
case of 5-decays are the light-cone distribution amplitudes of the 5-meson and the light 
mesons for exclusive decays and the shape function for inclusive decays. 

In my talk I first briefly review HQET and present it in the same diagrammatic 
language that is used in the construction of SCET. I then discuss the effective theory 
for inclusive decays to light hadrons, called SCETi, and sketch how the factorization 
theorem for these decays is obtained. The effective theory for exclusive decays, SCETn, 
is based on the same basic formalism, but contains different degrees of freedom. In 
applications, one often performs two matching steps. First one matches QCD onto 
SCETi at a scale of the order of the £-quark mass. At a lower scale /I 2 ~ m^A between 
the heavy-quark mass and a typical hadronic scale A, one matches SCETi onto SCETn- 
As an example of an exclusive decay which has been analyzed using this two-step 
procedure, I discuss the factorization properties of the heavy-to-light form factors. 



THE HEAVY-QUARK EXPANSION 



Weak decays involve a large number of very disparate scales: from very large scales like 
the mass of the Z- and W -bosons, and the top quark mass down to very small ones such 
as the light-quark or the neutrino masses. There are strong interaction effects associated 
with all of these scales and the effects associated with large scales can be calculated in 
perturbation theory. To separate the calculable high-energy QCD effects from the non- 
perturbative low energy physics, one performs expansions in small ratios of the scales 
in the problem. These expansions are most easily performed by using effective theories 
which are obtained by integrating out the physics associated with the large scales. 

The first step is to expand the weak interactions in A/Mw ~ A/Mz ~ A/m f , where 
A is a momentum component or the mass of one of the lighter particles participating in 
the weak decay. As a result of this expansion, one obtains the low-energy effective weak 
Hamiltonian which has the form 

^=^L v cKMQ(m- (i) 

The operators Qi are local operators built from the light fields only: since the energies 
involved in weak decays of hadrons are much smaller than the W-, Z- and top-mass, 
these particles are always highly virtual and do not appear as dynamical degrees of free- 
dom at low energies. The operators Qi are multiplied by the CKM factors V^-^ and 
Wilson coefficients Q{fx). The Wilson coefficients encode the QCD effects from higher 
energies. They have been calculated accurately at next-to-leading order in renormaliza- 
tion group improved perturbation theory [12]. The effective weak Hamiltonians can be 
viewed as a generalization of the Fermi theory to include all quarks and leptons and their 
electroweak and strong interactions. The rich phenomenology of hadronic and radiative 
weak decays (as well as some of the difficulties in their theoretical analysis) result from 
the fact that the effective Hamiltonian for such decays consists of many operators and a 
single process can thus involve several different weak decay mechanisms. 

For kaon decays the remaining low-energy physics is non-perturbative and one cannot 
proceed further within perturbation theory. The situation is different for decays of B- 
mesons: the strong coupling constant at the mass of the ^-quark is a s (mb) ~ 0.2 so that 
part of the decay is calculable in perturbation theory. To separate the calculable part one 
performs an expansion in 1/m^, the heavy-quark expansion. 



Heavy-to-heavy decays: HQET and the determination of \V c t\ 

The heavy-quark expansion for B- to D-meson decays was constructed quite some 
time ago [13]. In the meantime these methods have led to determinations of \V C £,\ at 
an accuracy of a few per-cent, from inclusive as well as exclusive measurements. The 
exclusive determination from the semi-leptonic decay 5° — > D* £v gives [14] 

\V cb \ = (41.5±1.0 exp ±1.8 theo ) x 1(T 3 . (2) 



To reach an accuracy of 4% in the calculation of an exclusive hadronic decay is quite an 
achievement. There are several reasons for this success. First of all, it turns out that in the 
heavy-quark limit, the relevant B — > D* form factor is equal to unity at zero recoil. This 
prediction receives radiative corrections, suppressed by GCs(rag) and non-perturbative 
power corrections suppressed by A/rag, where A is a typical hadronic scale and mg, with 
Q = c,b, is the heavy-quark mass. Both of these corrections are known. The perturbative 
corrections were calculated to two loops [15]. By virtue of Luke's theorem [16], the first 
order non-perturbative corrections vanish and the terms of order A 2 /m 2 Q were evaluated 
with a quenched lattice simulation [17]. Preliminary unquenched results are now also 
available [18]. 

The accuracy is even higher for the inclusive b — > c decay. A recent global fit to all 
available data yields [19] 

|V c a| = (41.9±0.6)xl<r 3 . (3) 

The explanation for the tiny uncertainty is similar to the exclusive case: in the heavy- 
quark limit the decay rate is given by the b-quark decay rate and the leading corrections 
of order a s or A 2 /ml to this predictions have also been evaluated. The non-perturbative 
corrections to the decay rate are given by the 5-meson matrix elements of the two op- 
erators that appear in the sub-leading HQET Lagrangian. One of these matrix elements 
can be related to the the experimental value of the mass difference between pseudoscalar 
and vector 5-mesons. The second one as well as the b- and c-quark masses can be ob- 
tained from the experimental results for moments of the decay spectrum, which depend 
on the same parameters as the total rate. The analysis of these moments has been done 
independently by two groups [20, 21] who at this point accuse each other in turn of 
underestimating their theoretical uncertainties and algebraic mistakes [19, 22]. 

Before discussing the heavy-to-light hadron decays, I would like to show how the 
HQET Lagrangian can be derived by expanding QCD Feynman diagrams around the 
heavy-quark limit. The same diagrammatic techniques are used in the construction of the 
SCET Lagrangian, discussed in the next section. At tree level the expansion is achieved 
after realizing that at low energies, the heavy quark is close to its mass shell so that 
the heavy-quark momentum can be written as pq = mgv^ + r^, where v 2 = 1 and all 
components of the residual momentum are small compared to mg. The expansion of 
the heavy-quark propagator then reads 

h+f+ m Q = _j j (4) 

(pQ + r) 2 -m 2 Q 2 vr 

Note that P + = is a projector, P 2 = P + . Since it appears sandwiched between heavy- 
quark propagators, the quark-gluon vertex also simplifies and becomes 

P + ig4P+ = igvAP + . (5) 

It is easy to write a Lagrangian that yields the above propagator and vertex, namely 



=5?hqet = hP+iv-Dh. 



(6) 



FIGURE 1. Semi-leptonic B — > D decay. The thick lines denote the heavy quarks. The dotted lines 
represent soft light quarks and gluons. 



The field h is the heavy-quark field in HQET. Since the Lagrangian involves the projector 
P+, the field h is is effectively only a two component field. 

For loop graphs, simply expanding the heavy-quark propagators in the integrand does 
not give the correct result for the expansion of the integral. The problem is that the loop 
momentum flowing through the heavy-quark propagator is large in some momentum 
regions, so that the expansion (4) is not always appropriate. However, in dimensional 
regularization the prescription to obtain the correct result is remarkably simple. What 
one needs to do is to perform two different expansions: first, one assumes the loop 
momentum to be small, of order rn, expands the integrand and then performs the 
loop integration without any restriction on the integration. The contribution obtained 
in this way is called the soft part of the integral. In general, the soft part has ultraviolet 
divergences not present in the original integral. These extra divergences are regulated 
by dimensional regularization and manifest themselves as poles in d — 4. One then 
expands the loop integrand a second time, this time assuming all components of the 
loop momentum to be large, of the order of the £>-quark mass. This second part is called 
the hard part of the integral and it has infrared divergences that are again regulated 
dimensionally. In the sum the infrared divergences of the hard part cancel against the 
ultraviolet divergences of the soft part and expansion of full integral is recovered after 
adding the hard and the soft part. This technique for performing asymptotic expansions 
of integrals is also called the strategy of regions [23] . 

While the contribution of the soft region corresponds to the effective theory Feynman 
diagrams, the hard part is absorbed into the Wilson coefficients of the effective theory 
operators. For the Lagrangian (6) of a single heavy quark at leading order, the only 
effect of the hard contributions is to change the normalization of the field h. 2 Since 
the normalization is not a physical observable, it is not really necessary to introduce a 
Wilson coefficient to reproduce this effect. 

To analyze the exclusive semileptonic B —> D decay, one introduces two copies of the 



This is only true if mq is chosen to be the heavy quark pole mass. For any other choice, the hard 
contribution generates a residual mass term of the form 8mhP + h that needs to be included in Jz?hqet- 



heavy-quark Lagrangian (6), one for the ^-quark and another one for the c-quark. The 
four- velocity vector v needed to remove the large part of the heavy-quark momenta will 
be different for the two quarks. However, also in this case only two momentum regions, 
hard and soft, are relevant, as illustrated in Figure 1 . The hard-corrections are given by 
the Wilson coefficient of the heavy-to-heavy current operator and depend on the scalar 
product of the two heavy-quark velocities [24, 25] . 



Inclusive heavy-to-light decays: SCETi 

In order to obtain the decay rate of the inclusive semi-leptonic decay, one uses the 
optical theorem and calculates the imaginary part of the forward matrix element of two 
weak currents 

T^ = ijd 4 xe^(B(p B )\T{j^(0),J v (x)) \B(p B )) , (7) 

where 7^ = wy M ( 1 — Ys)b. To calculate the total rate, one then uses the Operator Product 
Expansion (OPE) which corresponds to the expansion of the total rate around the heavy- 
quark limit [26]. At leading order in the expansion one finds that the total rate of the 
meson decay is equal to the free heavy quark decay rate up to calculable radiative 
corrections. 

Unfortunately, it is experimentally necessary to impose rather severe kinematic cuts 
to discriminate the B — > X u £v and B — > X s y decays against the background. Such cuts 
typically enforce a small invariant mass of the system of outgoing hadrons M\ ~ Am b <C 
E x ~ and lead to a breakdown of the OPE. In the heavy-quark limit, the enhanced 
higher order terms can be resummed into a non-perturbative shape function S and for 
this reason the region of small Mx is also called the shape-function region [2, 3]. The 
same function appears in the semi-leptonic and the radiative decays and one obtains a 
relation between the decay rates. To perform the perturbative analysis of the factorization 
properties of the partial decay rate in the shape function region, one replaces the in- and 
outgoing mesons with interpolating currents and studies the vacuum expectation value 
of the correlator of the weak current with the two meson currents. The structure of the 
diagrams contributing to this correlator is shown in Figure 2. 

It turns out that the hard and soft momentum regions are not sufficient to obtain 
the heavy-quark expansion of the diagrams relevant for the heavy-to-light decays. The 
reason is that the decay of the heavy quark typically produces a jet of energetic light 
particles. Since their energies are of the order of the ^-quark mass they cannot be 
described by the soft fields present in HQET and require the introduction of additional, 
so-called collinear fields. In HQET one uses the reference unit vector to isolate 
the large part of the Z>-quark four-momentum, a common choice is v M = (1,0,0,0); in 
SCET, one introduces in addition a light-like reference vector, = (1,0,0, 1), in the 
direction of the jet of energetic, outgoing, light particles and decomposes all momenta as 

Pn= n -PY + n ' P 2 +p H = P+ + P- + P±' (8) 
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FIGURE 2. Inclusive semi-leptonic Z?-decay. The differential decay rate is obtained from the imaginary 
part of the forward matrix element of two weak currents. The thick line denotes the heavy b-quark. The 
dotted lines represent soft quarks and gluons. 



where = 2v^ —n^ = (1,0,0,-1). The leading order of the heavy-quark expansion 
of the diagrams in Figure 2 was first analyzed in [4], where it was shown that three 
momentum regions lead to singularities in these diagrams. The scaling of the momentum 
components (n- p,n- p,p~k) in these regions is 

hard: (nib, mt,, nib), 

hard-collinear: (A, nib, i/Am^), (9) 
soft: (A, A, A). 

Interestingly, an intermediate scale jU/, c = y/Amt, appears, whose virtuality lies between 
the small virtuality A ~ Mb — nib of the external lines and the mass of the heavy quark. 
The presence of three scales also manifests itself in the factorization formula for the 
inclusive decay rate [4] 

dT~HJ®S. (10) 

The function H contains the hard corrections, the jet-function J the contribution from 
the hard-collinear region and the shape function S the soft contribution. The symbol 
"(g)" indicates the convolution of the jet-function with the shape function. Let me note 
that while it is simple to see that the above three momentum regions are necessary to 
obtain the expansion of the diagrams in Figure 2, so far no formal proof has been given 
that these three regions are sufficient to obtain the expansion of an arbitrary multi-loop 
diagram. 

To construct the effective theory, one introduces the soft quark field q, the soft gluon 
field , the heavy-quark field h and the hard-collinear quark and gluon fields t, and Af ic . 
The momentum components of these fields scale as in (9) and the scaling of the field 
components can be inferred by inspecting the propagators of the fields. One constructs 
the Lagrangian for these fields in such a way that its Feynman rules give the QCD 
diagrams expanded in the soft and collinear momentum regions. The technical details of 
the construction of the effective Lagrangian are beyond the scope of this talk, but let me 



illustrate some of its features using the leading order Lagrangian 



■^scet = 1 1 [in ■ D hc + gn -A s (x-) + i$ ±hc -^L- ilp ±hc j £ 

+ qiIf) s q + hivD s h + ^^. (11) 

The purely soft terms on the second line are exactly the leading order HQET Lagrangian. 
The hard-collinear quark Lagrangian has a more complicated form because not all four 
components of a hard-collinear quark field scale with the same power of A/rn^,. One can 
split the original Dirac field into two-component fields ^ and r\ 

»,= + = (12) 

so that rjtt, = ijir\ = 0. The field r\ is suppressed by a power of (A/m b y/ 2 with re- 
spect to t, and can be integrated out. Since no approximation is made when r\ is in- 
tegrated out, the hard-collinear part of the Lagrangian (11) is, despite appearances, 
equivalent to the usual QCD quark Lagrangian. Finally, let me discuss the interaction 

term gE,(x)jn- A s (x- ) ^ (x) . The interaction is simpler than the usual QCD quark-gluon 
coupling for two reasons. First of all, it only involves a single component of the soft 
gluon field. This is a consequence of the projection properties of the hard-collinear quark 
spinor = = 0. Secondly, the soft gluon field only depends on the single co- 
ordinate X- = n -x^. To obtain diagrams expanded in momentum space, one has to 
perform a derivative expansion of the effective Lagrangian in position space [9]: in in- 
teractions with collinear fields the soft fields are expanded as 

<j) s (x) = <j> s {x-) +x± ■ d(j) s (x-) +x+ ■ d(j) s (x-) + ... . (13) 

Alternatively, one can use a hybrid position and momentum space representation of the 
collinear fields, the label formalism [6]. Because of the expansion (13), the interaction 
terms in the Lagrangian (11) are not translation invariant. However, the invariance is 
restored order by order after including higher order terms. Let me briefly comment on 
the gauge transformation properties of the above fields. One can perform separate gauge 
transformations on the two gluon fields A s and A/, c . The form of these transformations 
is restricted by the requirement that they should respect the power counting of the fields 
and the fact that the sum of the two gluon fields A s +A hc has to transform as the usual 
QCD gluon field. The explicit form of the gauge transformations as well as the first 
three orders of the SCET Lagrangian can be found in [27]. In the label formalism, the 
sub-leading Lagrangian was given in [28]. 

In order to analyze the inclusive semi-leptonic decay one needs the weak current 
in the effective theory. At leading order this current is represented in the effective theory 
as 

3 r 

jUx) = £ / dsCi{s)e- imhV - x jf (x,s) . (14) 

The three leading order effective theory current operators are 

J?(x,s) = S(x+sn)W hc (l + K)r?h(x-) withrt 23 = {/\vV}. (15) 



The SCET current operators are nonlocal along the light ray in the n-direction. This is 
a consequence of the fact that the n • <9 -derivative on a hard-collinear field counts as a 
quantity of order one and arbitrary powers of this derivative can appear at any given 
order in the expansion in A/ mi,. The light-like, hard-collinear Wilson line Wh c ensures 
gauge invariance of the operator and the phase factor e ~ mbV ' x relates the heavy quark 
field h to the QCD 6-quark field. 

To obtain the SCET representation of the current correlator T^ v one inserts the above 
representation (14) of the current into (7). Since the initial and final state 5-meson in (7) 
do not contain collinear partons, one can perform a second matching step and integrate 
out the hard-collinear fields in the products of effective theory currents: 

/J M (0, t)JJ(x, s) = h(0) Tf Wjl $ (tn) I (x + sn)W hc T] h{xJ) 

- < /(x+( J -0ii)*(0)rj f |rJ*(jc_) + .... (16) 

The Wilson coefficient J? that appears in this second step is called the jet-function. 

After realizing that the matrix elements of the operators h(0) |rj h(x- ) can be related 

to the matrix element of the single operator h(0)h(x-) by heavy-quark symmetry and 
rewriting these above results in momentum space, one obtains the factorization theorem 
(10). 

While the factorization theorem was originally derived diagrammatically, the SCET 
analysis has led to several improvements in our understanding of these decays. First 
of all, solving the renormalization group equations in the effective theory at the next- 
to-leading order, the perturbative single and double logarithms of the different scale 
ratios in the hard and the jet-functions have been resummed at next-to-leading order 
and predictions for the various decay spectra have been obtained [29, 30], which are 
free of the spurious Landau pole singularities present in earlier work [4, 31, 32]. Also, 
because of the renormalization properties of the shape function, the relation between 
its moments and higher order HQET parameters is more complicated than previously 
assumed [29, 30]. 

The SCET formalism has also been used to investigate the partial B — > X s y decay 
rate with a cut Ey > Eq on the photon energy . For low values of this cut, the rate 
can be calculated using the standard OPE, while for larger values higher order effects 
become large and have to be resummed into the shape function. The transition between 
the two regimes is smooth: in the presence of a photon energy cut, the OPE becomes 
an expansion in 1/A, where A = m^, —2Eq is the energy window available after the 
cut. Another effect of the cut is that the rate calculated in the OPE gets perturbative 
corrections of order <X S (A) . For realistic values of the cut the scale A is not much 
larger than lGeV. After an analysis in renormalization group improved perturbation 
theory, Neubert finds that, even for the low value Eq = 1 .8 GeV, higher order perturbative 
corrections to the cut rate are sizable, of order 15% [33]. This is larger than previously 
estimated and larger than the power corrections of order 10%. 

As the above discussion shows, the effective theory analysis of the inclusive decay 
rate reduces to the analysis of the weak heavy-to-light current. This analysis has been 
extended to sub-leading order in A/m b [34, 35, 36, 37]. While a single non-perturbative 




FIGURE 3. Lowest order QCD diagrams contributing to the correlator (17). The double line denotes 
the heavy quark. 

shape function is sufficient to obtain the leading order rate, several shape functions 
appear at the next order. At leading order, one can determine \V U {,\ by taking a ratio 
of weighted B — > X u £v and B — > X s y decay spectra for which the shape function effects 
drop out. An understanding of the corrections to this relation from sub-leading shape 
functions is important for a precise determination of \V u t,\. 

Exclusive heavy-to-light decays: SCETn 

It turns out that exclusive 5-decays have a more complicated structure than the 
inclusive decays studied in the previous section. To analyze the decays diagrammaticaily, 
one again replaces the mesons with interpolating currents. For example, in order to 
analyze the B — > it form factor of a current (0) , one uses the relation 

Jd 4 x jd 4 ye ip ^- ipB y(0\T [jl(x)4(0)J n (y)) |0> 

if (J) if (J) 

= 2*2 n 2 mi (*(Pn)\Jr(0)\B( PB )) + ... (17) 

and analyzes the factorization properties of the correlator on the left-hand side diagram- 
maticaily. 3 

Here, the currents J B and J K have the quantum numbers of the 5-meson and the pion 
respectively and associated decay constants and . The ellipsis denotes terms that 
do not have a pole at p\ = m| with p Q B < and p 2 K = m\ with p Q K > 0. 



3 The amplitude on the right hand side is part of the double spectral density of the correlator with respect 
to the variables p\ and p\. Factorization of the double spectral density is therefore sufficient to establish 
factorization of the amplitude. 



The lowest order diagrams contributing to the correlator (17) are shown in Figure 3. 
The following momentum regions are needed to obtain their expansion [11] 



hard: (mi,, mi,, mi,), 




(18) 



soft-collinear: (A 2 /mi,, A, v/A 3 /m^), 



where the three components denote the scaling of (n- p,h- p,p±) and A stands for a 
hadronic scale in the problem that is independent of m b . The occurrence of a collinear 
region in addition to the hard-collinear region is easily understood: the scaling of its 
components is the same as that of the external pion momentum. Since p\ is independent 
of the Z?-quark mass, the hard-collinear scaling would not be appropriate. What is 
surprising is the presence of an additional region with very low virtuality: the soft- 
collinear region with p 2 sc = A 3 jm b . In the effective theory, these soft-collinear fields 
represent a low energy interaction between the collinear and soft sectors. The scaling 
of their momentum components is such that they can be emitted and absorbed by both 
soft and collinear particles without taking either of them off-shell. An example of a 
diagram where a soft-collinear contribution appears is the first diagram in Figure 3, 
which gets a contribution when the spectator quark is soft-collinear and almost all 
external momentum flows through the current quarks. 

If these soft-collinear fields contribute to a given quantity in perturbation theory, fac- 
torization is explicitly violated. Since they are the only low energy interaction between 
the collinear and soft sectors, the opposite is also true: if they do not contribute to a given 
quantity, the quantity factorizes. Clearly, the physics associated with the soft-collinear 
fields cannot be calculated reliably in perturbation theory: as soon as there is such a con- 
tribution, the corresponding quantity will be deemed non-perturbative. The assumption 
on which the factorization framework relies is that if one does not find a violation of 
factorization in perturbation theory the quantity indeed factorizes. 

Unfortunately, even the seemingly simplest decays, namely the heavy-to-light meson 
form-factors, do not factorize in the heavy-quark limit. At large recoil energies E ~ 
M B / 2, they take the form [38] 



up to corrections suppressed by I /mi,. The non-factorizable piece is given by the non- 
perturbative function Cm(E) that depends on the momentum transfer. The remainder 
factorizes into a convolution of a hard scattering kernel 7} (2s, (0,u) with the light-cone 
distribution amplitudes 0s((») and §m{u) of the two mesons. The coefficients Q(2s) 
and the kernels 7](2s, co,u) are Wilson coefficients of effective theory operators. While 
the form factors do not factorize, one obtains relations between different form factors 
because the function Cm (2s) is independent of the Dirac structure of the current under 
consideration [39]. In this respect the situation is rather similar to the case of the B — > D 



{E)=Q{E)Zm{E) + 



Jo (0 Jo 





FIGURE 4. Momentum regions in the perturbative analysis of the exclusive decay B — ► Dn. 



transition form factors, which in the heavy-quark limit can be expressed in terms of a 
single function, the Isgur-Wise function, up to perturbative corrections [40]. 

The heavy-to-light form factors are in a sense sub-leading quantities, since the su- 
perficially leading term in a diagrammatic analysis happens to vanish. By naive power 
counting, one would expect the third diagram in Figure 3 to be the leading contribution, 
but upon closer inspection one finds that the expansion of all three diagrams starts at 
the same order. In the effective theory this manifests itself in the fact that one needs to 
include sub-leading current operators to analyze the form factor to leading order. To per- 
form the analysis, one first matches QCD onto SCETj. The leading order effective theory 
currents have been discussed in the previous section, see (15). The reason for the above 
mentioned symmetry relations between the different form factors is that both the heavy 
and the hard-collinear light quark field are represented by two component fields. Two 
types of current operators appear at next-to-leading order: operators with an additional 
derivative on the hard-collinear quark and operators with an additional hard-collinear 

gluon field A^. . The operators with an additional derivative have the same Wilson co- 
efficients as the leading operators and their matrix elements fulfill the same symmetry 
relations. The matrix elements of the remaining sub-leading operators which contain an 
additional hard-collinear gluon field violate the symmetry relations. To prove the 
factorization theorem (19), one matches them onto SCETn and shows that their contri- 
bution to the form factors factorizes. This analysis has been carried out and the formula 
(19) was established recently [41, 42, 43]. Also, the matching calculations have been 
performed to one-loop order. The coefficients C ; were determined in [6, 45], and the two 
matching steps for 7] were performed in [44, 45, 46]. The hard scattering kernels contain 
single and double (or Sudakov) logarithms of large scale ratios. These logarithms can be 
resummed by solving the renormalization group equations in the effective theory, which 
was done in [44]. The analysis in this paper also allows one to categorize the relations 
between the different form factors: generically, one can expect corrections of the order 
of Ct s at the hard-collinear scale \l\ c ~Amj. In some cases, however, the corrections 
only involve a s at the hard scale and some relations do not receive radiative corrections 
at all [47]. The heavy-to-light form factors are an important element of the factorization 
theorem for the phenomenologically important decays to two light mesons B — > M\ A/2. 



Using the factorization theorem for these decays [5], predictions for the complete set of 
the almost one hundred B , B° and B s decay modes are given in [48]. These decays have 
been investigated using SCET [49, 50], but a complete analysis is not yet available. 

The decays B — > DM, depicted in Figure 4, have a simpler structure. In this case an 
analysis using the effective theory at leading order is sufficient and the soft-collinear 
mode does not contribute in the heavy-quark limit. The amplitude factorizes into a soft 
part (the B — > D form-factor at zero momentum transfer) and a collinear part which 
is given by the pion light-cone distribution amplitude and is convoluted with a hard 
scattering kernel [51, 52, 53, 54]. Using the effective theory framework, also the power 
suppressed neutral decay modes 5° — > dW°M° have been analyzed recently and it was 
found that the branching ratios as well as the strong phases are equal for the decay to 
the vector and pseudoscalar D-meson [55, 56, 57]. Analogous relations also hold for 
non-leptonic b — > c decays of baryons [58]. 



SUMMARY 

The techniques used to analyze hard- scattering factorization at large momentum transfer 
can also be used to analyze decays of heavy to light hadrons in the heavy-quark limit. 
While based on the same theoretical concepts, the factorization theorems for exclusive 
heavy-to-light decays are complicated in that the naively leading order term vanishes 
and one has to perform the diagrammatic analysis to sub-leading order. SCET allows 
one to perform this analysis in a controlled and transparent way. The effective theory 
fields correspond to the momentum regions in which the diagrams develop singularities 
and the hard scattering part of these processes is encoded in the Wilson coefficients 
of the effective theory operators. The resummation of large perturbative logarithms is 
achieved by solving the RG evolution equation of the corresponding operators. 

Since the hard scale for these decays is given by the &-quark mass, it is numerically 
smaller than typical momentum transfers in hard processes at colliders. An understand- 
ing of the size of the power corrections is therefore important. Using the effective theory 
framework, these power corrections have been worked out and estimated for the inclu- 
sive semi-leptonic decays. For the exclusive decays, we have not yet reached the same 
level of accuracy because the leading terms in the amplitudes in general already involve 
the sub-leading Lagrangian. An important achievement was the analysis of the heavy- 
to-light form factors and the proof of the factorization theorem for this case. Using the 
same techniques, a complete analysis of the factorization properties of the charmless 
two-body decays is within reach. Some of the power corrections for these decays have 
been identified and estimated, but no complete treatment is available to date. While such 
an analysis seems difficult, it is important: Our capability to explore new flavor physics 
in 5-decays can only be as good as our understanding of the strong interaction physics 
in their decays. 
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